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For spin-3/2 holes the anisotropic part of the instantaneous Luttinger Hamiltonian 
can be represented as an effective quadrupole coupling. We investigate the hole spin 
relaxation process induced by nonadiabatic fluctuations of this interaction. The obtained 
analytical solution of the stochastic Liouville equation describes the polarization decay of 
spin-3/2 holes in all regimes of momentum scattering: from collision-dominated to 
ballistic. Our results create the basis for quantitative interpretation of recent experiments 
and elucidate the striking difference between the hole spin relaxation process in bulk 
crystals and 2D semiconductor nanostructures.  
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I. Introduction 
The discovery of hole-mediated ferromagnetism
1
 and ultra-fast demagnetization (< 1 
ps) of III-Mn-V materials
2
, drastic increase in the heavy hole spin lifetime (~ 270 sµ ) in 
quantum dots
3
 (QDs), and observation of spin-Hall effect in p-type semiconductors
4
 
attracted considerable attention to hole spin dynamic and relaxation
5
. The hole spin does 
not couple through Fermi contact interaction to lattice nuclei and, hence, is free from the 
hyperfine channel of decoherence, which is very efficient for electron spin at zero and 
low magnetic fields
6
. On the other hand, due to the p-symmetry of the valence band, the 
 2
intrinsic spin-orbit coupling (SOC) is much stronger for holes than for electrons. This 
leads to a strong mixing between the hole spin and orbital degrees of freedom. Recently it 
has been shown that, even in spherical bands and zero magnetic fields, the resultant total 
angular momentum J
r
 of a hole may exhibit a fast precession due to the action of an 
effective quadrupole coupling, which represents the anisotropic part of instantaneous 
Luttinger Hamiltonian
7
. In bulk crystals, the effective quadrupole Hamiltonian 
determines the splitting, HL∆ , between heavy hole (HH) and light hole (LH) subbands 
and depends on the wandering of a hole lattice momentum k
r
 in the angular space
8
. 
Thermal motion of a hole results in stochastic modulation of this interaction and may 
induce nonadiabatic transitions between the HH and LH subbands, which lead to J-
relaxation and dephasing
7 8 9
.  
Clearly, this mechanism of hole spin relaxation is qualitatively similar to Dyakonov-
Perel (DP) mechanism of electron spin relaxation. Yet the spin relaxation of holes in bulk 
crystals was discussed mostly in the context of the Elliot-Yafet (EY) spin dephasing 
process
10
 
11
, where the phase modulation of heavy and light holes happens during 
adiabatic momentum scattering events. For holes, the DP mechanism has been 
considered only in 2D systems
12
. Recently, the hole spin dephasing due to stochastic 
modulation of the effective magnetic field (Rashba SOC term) in 2D quantum wells with 
large separation between LH and HH subbands was studied by constructing and 
numerically solving the kinetic spin Bloch equations
13
. The study goes beyond the usual 
Born-Redfield approximation and takes into account the effects of the inhomogeneous 
broadening and Coulomb scattering. It has been shown that for hole densities 21110 −> cm  
the carrier-carrier scattering may notably affect the hole spin dephasing process.  
 3
Since HL∆  is orders of magnitude stronger than the effective magnetic fields due 
to broken inversion symmetry, the DP-like quadrupole mechanism can yield the main 
contribution to the hole spin-3/2 relaxation and lead to the ultra-fast relaxation in bulk 
crystals. The rapid progress of polarization- and time-resolved femtosecond spectroscopy 
allows direct measurements of these extremely short, on the order of 0.1 ps, relaxation 
times
14
. Theoretically, hole spin relaxation in the sub-picosecond time-range was studied 
within the framework of non-Markovian stochastic theory
8
, which explicates the 
containment of nonadiabatic transitions between 7Γ  and 8Γ  multiplets by strong intrinsic 
SOC in III-V semiconductors. Adiabatic modulation of the 7Γ - 8Γ  splitting by elastic 
scattering of k
r
 does not lead to dephasing of the split-off holes. Nevertheless, the same 
perturbation can be essentially nonadiabatic relative to the splitting between the HH and 
LH bands inside the 8Γ  quadruplet. It has been shown that in the collision-dominated 
regime, 122
2 <<∆ τHL , where 2τ  is the orientational relaxation time of the second rank 
quadrupole tensor, one cannot distinguish between the HH and the LH subbands. In this 
limit, the angular displacement of J
r
 turns into the process of small random walks in the 
angular space and the kinetics of J-relaxation is purely exponential (no oscillations). If 
the band structure and k
r
-scattering are isotropic, the rate of this process is determined 
by
7 8 9
  
    2
2
8 )5/2()(/1 ττ HLJ ∆=Γ  .    (1) 
Notably, Abraham and Pound
15
 considered the formally equivalent problem more than 
fifty years ago in the context of nuclear spin-3/2 relaxation at zero magnetic fields and, 
with the obvious redefinition of the parameters, arrived to the same result. It follows from 
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Eq.(1) that, similar to DP mechanism of electron spin relaxation, Jτ  is inversely 
proportional to 2τ . This prediction, however, requires unrealistically short 2τ  to wash out 
the LH-HH splitting of about 40 meV, which represents HL∆  in GaAs at room 
temperatures
16
. In fact, the distinct optical orientation and relaxation of HH’s and LH’s 
observed by Hilton and Tang
14
 in undoped bulk GaAs clearly demonstrates that the 
system under study was outside the collision-dominated regime.  
In general, if a k-dependent interaction that determines the spin-dynamics of a 
charge carrier at zero magnetic fields is larger than the momentum scattering rate, the 
Born-Redfield approximation (Abragam-Pound method) is not valid and the conventional 
theory of the DP mechanism of spin relaxation is not applicable. The kinetic theory can 
be extended to the range of strong interactions, 122
2 >∆ τHL , only under certain 
assumptions regarding the random process. Here we assume that the change in the 
orientation of the principal axes of an effective quadrupole tensor can be modeled by the 
purely discontinuous Markovian process. Physically this means that the random direction 
of these axes varies instantaneously at the moments of successive collisions and is 
constant within the time intervals between them. Apparently, the validity of this model 
requires nonadiabaticity of a scattering event, which is the good approximation for 
systems with HL∆ < 100 mEv. This approach allows us to employ the formalism of 
sudden modulation theory and stochastic Liouville equation
17
 
18
 to calculate the response 
of J
r
 to instantaneous modulation of the quadrupole Hamiltonian even outside the 
collision-dominated regime. The obtained analytical solution describes the dumping of J
r
 
precession in all regimes of momentum scattering: from fast ( 122
2 <<∆ τHL ) to slow 
 5
modulation ( 122
2 >∆ τHL ) and ballistic ( ∞→∆
2
2
2 τHL ). Within the collision-dominated 
regime, our general expression yields the result of the stochastic perturbation theory, 
Eq.(1). In the opposite limit, our results describe a rather complex relaxation kinetics that 
reflects dumped oscillations in the population of heavy and light holes. Finally, our study 
demonstrates that the drastic drop in the rate of the hole spin relaxation in low-
dimensional semiconductor nanostructures in comparison to bulk crystals can be 
explained by the 2D-confinement of the hole motion, which leads to suppression of the 
quadrupole mechanism.  
 
II. Theory 
The spin-dynamics of J = 3/2 holes is determined by the 4x4 matrix of the 
instantaneous Luttinger Hamiltonian
19
. It has been shown
8
 that within the “spherical 
approximation”
20 21
 this Hamiltonian can be written in the following form (columns 
below correspond to m = 3/2, ½, -1/2, -3/2)  
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Here the superscript (M) denotes the principal-axes system of the effective quadrupole 
tensor 2/])3/2([ 2 ijijjiji LLLLLQ δ−+=
t
, where LLL zyxji ,,, =  represent the Cartesian 
basis in the space-fixed lab (L) frame, L
r
 is the effective orbital angular momentum of a 
hole, 1γ  and 2γ  are the dimensionless Luttinger parameters, 0m  is the bare electron 
mass, 2/)2(: 222
MMM yxzk
kkkD −−−=  and 2/)(: 22
MM yxk
kkE −−= . For J = 3/2 this matrix 
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can be represented in terms of the irreducible spin-tensor operators of the full rotation 
group ||)4/5()( 12
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where qC 2 11 1µµ  denotes the Clebsch-Gordon coefficient
22
, k
M DK 2/1)(20 )3/2(= , 0
)(
12 =±
MK , 
and k
M EK =±
)(
22 . Here 0H  denotes the isotropic part of the kinetic energy of a hole, 
)(M
QV  
stands for the effective quadrupole interaction, which represents the coupling between J
r
 
and the lattice momentum and is clearly anisotropic, 0],[ )(2 ≠MQVJ . Physically this 
means that that the translational motion of a hole locally breaks the isotropy of the system 
and, similar to a crystal field, lifts the degeneracy of the 8Γ  ( >= 0;2/3| km ) “fine-
structure” states that may exist only at the Γ -point. In the axially symmetric case 
( 0=kE ) the matrix of 
)(
2
M
k
H  is diagonal in the >km
r
;2/3|  basis, 
Mz
J is conserved, and 
the eigenfunctions of )( 2
M
k
H  can be classified by the helicity Jkm
r
⋅= ˆ . Bands with 
2/3±=m  correspond to HHs, while bands with 2/1±=m  represent LHs with 
02 /2 mDkHL γ=∆ . Due to the T-invariance of 
)(
2
M
k
H , each of these subbands has 
Kramers’ degeneracy. Note that for holes moving along Mz , Eq.(2) can be written in the 
familiar form )]3/(2)[2/( 22210
2)(
2
MZ
M
k
JJmkH −+= γγ . Thus, even if the carrier 
equilibrium distribution in the k-space is isotropic, the instantaneous Luttinger 
Hamiltonian outside the zone center lacks spherical symmetry. Random scatterings of k
r
 
results in the random modulation of QV , which connects the tightly coupled L-S 
subsystem (a hole) to the lattice and is, therefore, responsible for inter-subband 
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transitions and J
r
-relaxation. The main advantage of the expansion (2) is simplicity of the 
transformation of irreducible tensor operators )(2 JT q  under rotations of the coordinate 
system
22
, 
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which significantly simplifies the theoretical study of the J
r
-relaxation presented below. 
Here )( tD Ω  is the operator of finite rotation, },,{ tttt γβα=Ω  is the set of Euler angles 
that represents the instantaneous orientation of the L-frame relative to the M-frame of 
reference at the moment t, )(,
2
tpqD Ω−  is the corresponding Wigner rotation matrix.  
 The basic problem is the calculation of the response of J
r
 to a random realization 
of  
)(
2,
2)(
2
0
2)( )()()1(
6
)( Mqtpq
qp
L
p
p
t
L
Q KDJT
m
V Ω−=Ω −∑
γ
.   (4) 
Without a precise definition of this process, this goal can be achieved only in the 
collision-dominated regime, where the stochastic perturbation is smaller than the inverse 
of the relevant correlation time. Henceforth, we shall assume that the main source of the 
stochastic time dependence of the effective quadrupole interaction Eq.(4) is the purely 
discontinues Markovian process in which the principal axes of the quadrupole tensor 
have a fixed direction for a mean time Qτ  and then jump instantaneously to a new 
orientation at successive times over a Poisson distribution. It is evident that such a 
process is a model. The time interval in which the variation of the Hamiltonian takes 
place (“collision” time) cτ  must be finite (~10 fs) even if short compared to Qτ . We can 
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neglect the shortest of the times if this change is nonadiabatic 1|||| <<cQV τ  and, hence, 
the intricate details of a collision are unimportant. In this case, the orientation of J
r
 is the 
same immediately after the jump of the M-frame in the angular space. As a result, even if 
J
r
 is parallel to Mz  during some interval ii tt −+1 , it will not commute with QV  after a 
sudden change of Ω  and begin to precess about the new direction of an effective 
quadrupole field. It then follows that in the Heisenberg representation the partially 
averaged operator ),()( tJ L Ω
r
obeys the stochastic Liouville equation of motion
17 18
 
( )1=h : 
∫ Ω′Ω′Ω′Ω−Ω−ΩΩ=Ω − ]),(),(),([)],(),([),( )()(1)()()( dtJftJtJVitJ LLQLLQL
rrr&r τ . (5)  
Here Ω′ and Ω  describe the orientation of the principal axes of the effective quadrupole 
tensor before and after the jump, correspondingly. The degree of correlation at the energy 
kε  is determined by the function ),( Ω′Ωf . The latter depends only on the angle between 
the successive directions of the M-frame, is normalized, and conserves the stationary 
angular distribution ∫ Ω′Ω′Ω′Ω=Ω df )(),()( ϕϕ . If ),( Ω′Ωf  is close toδ -function, the 
random values change negligibly at every jump, the process is strongly correlated (“weak 
collision” or orientational diffusion limit). If )(Ωϕ  is re-established after every jump, 
)(),( Ω=Ω′Ω ϕf , the process is uncorrelated (“strong collision” limit). Equation (5) 
must be solved with the initial condition  
)0()()0,( )()( LL JJ
rr
Ω=Ω ϕ      (6) 
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and the final physical information can be extracted from the ordinary integral of the 
solution over the angular space. Consequently, the autocorrelation function of 
LZ
J  is 
given by  
   ΩΩ= +∫ dJtJTrtK LLLZ ZZ
L
eqJ )0(),(:)(
)(ρ ,   (7) 
where )(Leqρ  is the equilibrium density operator. It is important to note here that due to the 
assumed isotropy of either bulk crystals or 2D nanostructures (in-plane isotropy), all 
directions of an effective quadrupole tensor are equiprobable. Therefore, the conditional 
probability density ),( Ω′Ωf  depends only on the angle Ω′−Ω=Ω
~
 between the 
successive directions of the M-frame, i.e., 
)
~
(),( Ω=Ω′Ω ff .     (8) 
 This is a standard formulation of the problem in the sudden modulation theory. 
Equation (5) is rather general and provides the computational bridge between the spin 
relaxation of a charge carrier and random wandering of its crystal momentum in the 
angular space. It is mathematically closed, however, rather complex. Evidently, for spin-
3/2 holes (electron spin relaxation will be considered elsewhere) Eqs.(4) - (7) are 
formally equivalent to the problem of nuclear spin-3/2 relaxation at zero magnetic 
fields
23
. Remarkably, the property of the kernel (8) is sufficient to advance in solving 
Eq.(5). It has been shown
24
 that Eq.(5) can be reduced to a differential one, which is 
formally identical to the master equation of the impact theory (see Appendix): 
    ])(
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q
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Here we introduce the following designations  
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0
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The Liouvillian 
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determines the dynamic evolution of the system in the M-frame, while the action of the 
collision operator  
ΩΩΩ−ΩΩ= ∫
~
)
~
()
~
()(
~
)
~
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~
()(
~ˆ 1)()(
1111
dDDtJDftJT qq
M
q
M
qqq   (13) 
is reduced to a linear transformation of the qJ -components in the Liouville-space.  
The autocorrelation function Eq.(7) can be expressed via the solution of Eq.(9) 
)()()( )(
~
)( Lq
q
M
q
M
eqJ JtJTrtK
LZ
∑= ρ ,    (14) 
which must be solved with the initial condition 
3/)(
~ )()( += Lq
M
q JtJ  .     (15) 
After straightforward algebra it can be shown that calculation of the spectral function 
∫
∞
− −=
0
1 )exp()(Re)(
~
dttitKK
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ωpiω  requires the inversion of the finite matrix:  
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where the elements of the evolution Λˆ  and the relaxation Γˆ  operators are determined as 
follows 
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Here 2/1)12(: +=Π KK , 
]
~
)
~
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~
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−
′ ∫ dDfW l qqqqQl qq δτ ,     (19) 
)](6[)1(),( 222220 −′′′′′′
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q CCECDqllqχ .   (20)  
It is easy to see from Eqs.(17) - (20) that if the effective quadrupole interaction is axially 
symmetric, the problem reduced to inversion of the 5x5 matrix, which yields the 
following analytical expression for the normalized spectral function
24
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Here )
~
(cos)]
~
(cos1)[
~
(cos)/1(/1
1
1
βββττ dPf lQl −= ∫
−
 is the inverse orientational 
relaxation time of the l-rank tensor and lP  is the Legendre polynomial. It follows from 
Eqs.(21) - (23) that in general the spectral function depends on both times 2τ  and 4τ , 
which are rather different in the “weak collision” limit: βτ Dlll )1(
1 +=− , where βD  is the 
coefficient of orientational diffusion ( 24 3.0 ττ = ). In contrast, in the “strong collision” 
limit 2/1)
~
(cos =βf  and Qτττ == 24 . In the slow modulation regime, 1
2
2
2 >>∆ τHL , 
Eqs.(21)-(23) describe the well resolved triplet structure in the spectral function, which 
reflects fast coherent HH-LH inter-subband oscillations (precession of J
r
 in the 
quadrupolar field) 5/)]cos(23[)0(/)( tKtK HLJJ
LZLZ
∆+= , dumped by the relaxation 
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process. The integral rate of this process, defined as )0(/)0(
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which does not depend on Luttinger parameters and has a negligible dependence on 4τ  
even in the “weak collision” limit. In the collision-dominated regime, the spectral 
function Eq.(21) has a simple Lorentzian form that corresponds to the pure exponential 
decay of hole spin polarization with the rate  
2
2
2
2
0
2
8
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γ
τ HLkJ D
m
∆==Γ− ,    (25) 
which, as expected, coincides with the non-model result of stochastic perturbation theory, 
Eq.(1). In general, one may conclude that in this regime the anisotropic part of 
instantaneous Luttinger Hamiltonian is self-averaged by rapid isotropic reorientations of 
the M-frame and the spherical symmetry of the system is restored; J is a good quantum 
number and it is impossible to distinguish between the HH and the LH components of the 
8Γ  quadruplet. We remark that in this limit the relaxation time of the n-th multipole 
moment in the hole density matrix can be readily obtained in analogy with a nuclear spin 
I  > 1 systems
15
: 60/)]1(14)[1()( 2
2
8
1 ττ HLn nnnn ∆+−+=Γ
−  ( 3≤n ). 
All of the above results are obtained under assumption that the reorientation of the M-
frame is isotropic, )4/()
~
(cos)
~
( 2piβff =Ω . Clearly, this model is not appropriate for 
charge carriers confined in low-dimensional nanostructures. Consider, for example, a 
quantum well or a QD grown in the [001] direction. In this case, there is a negligible 
mixing between the HH and LH subbands. The momentum states along this axis are 
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quantized and characterized by the subband number Zn . Within the hard-wall 
approximation, this leads to the following redefinition of the parameter kD  in Eq.(2): 
2/)/2(:
~ 22222
MM yxZk
kkanD −−−= pi , where a is the height of the well. Consequently, for 
very thin nanostructures, a < 5 nm, the size quantization significantly amplifies the 
splitting between HH and LH subbands and a hole motion is constrained to the plane 
perpendicular to the growth direction. Within the framework of the theory presented here, 
this situation can be described by Eq.(19) with )~()1
~
(cos)~()
~
( γδβδα −=Ω ff , where 
)~(αf  determines the degree of correlation between successive in-plane angular jumps of 
the M-frame about Mz  that coincides with [001] axis. Taking into account that 
)~()~( αα −= ff , we obtain ]1[ 0
1
qqqQ
l
qqW δδτ −= ′
−
′ . As a result, the fundamental submatrix 
>=′′′Γ+Λ+−=< 0,,|ˆ)ˆ1ˆ(|0,, qlKiqlK ω , for any K and l, contains only 000 =
lW . 
Thus, if J
r
 is initially parallel to [001] axis of a quantum well or a QD, stochastic in-
plane reorientations of the M-frame will not perturb this orientation.  
 
III. Conclusion  
The EY mechanism is well established for electrons
11
 and is related to the action of 
the spin-orbit-rotation interaction
 
that emerges due to rotational perturbation of the Bloch 
wave-functions in the course of an adiabatic collision
25
 
26
 
27
.  This process leads to spin-
dephasing with characteristic time proportional to the orientational relaxation time of the 
electron crystal momentum. For holes, however, as long as 122 <<∆ cHLτ  the decay of spin 
polarization in bulk crystals is dominated by nonadiabatic intersubband HH - LH 
transitions, which strongly depend on the ratio between the HL∆  and 2τ . Hilton and Tang 
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were able to distinguish between HH and LH bands. Thus, one may conclude that the 
system under study was in the slow modulation regime, 122
2 >∆ τHL . In this limit, the 
relaxation kinetics is rather complex. It is characterized by dumped oscillations in the 
population of heavy and light holes described by the spectral function Eq.(21). The 
integral rate of the hole spin relaxation, Eq.(24), is associated with the orientational 
relaxation time of the effective quadrupole tensor and is not equivalent to the 
orientational relaxation time of the hole crystal momentum. The observed in Ref. [14] 
spin relaxation time of HHs was about 0.1 ps. Yet for GaAs, at room temperatures, the 
estimate based on Eq.(25) yields 3.0≈Jτ  ps, which is approximately three times longer 
than the experimental value. This discrepancy is not surprising, because the motional 
narrowing always leads to longer spin relaxation times. Our results suggest that 
unresolved HH and LH bands may be consistent with relatively long Jτ . The absence of 
the hole optical orientation does not necessarily mean that the rates of angular and linear 
momentum relaxation are the same. Since 22~ kHL γ∆ , in the collision-dominated regime 
42
2~/1 kJ γτ  and one may anticipate slower J-relaxation at lower temperatures and 
materials with smaller 2γ . Note, however, that similar to fluctuations of a crystal field 
splitting, the thermal fluctuations of the magnitude of an anisotropic part of the 
instantaneous Luttinger Hamiltonian will adiabatically modulate the gap between HH and 
LH components of the 8Γ  quadruplet. This process also leads to a pure spin dephasing
28
. 
To keep calculations and the results as simple as possible, in this paper we ignore the 
adiabatic dephasing. This approach allows focusing on the effect of nonadiabatic 
 15
modulation of HL∆ , which provides a very efficient dumping mechanism of coherent HH 
- LH oscillations in bulk crystals.  
Our results clearly demonstrate that the DP-like quadrupole mechanism of hole spin 
relaxation is suppressed by the 2D-confinement of the carrier’s motion and increased 
subband splitting in low-dimensional semiconductor nanostructures. Note that due to Van 
Vleck cancellation, other SOC-related mechanisms of hole spin relaxation in low-
dimensional nanostructures become also insignificant at zero magnetic fields
29
. 
Moreover, the splitting of the Berry connection for states with the helicity difference 
1>∆m , makes the adiabatic EY mechanism ineffective for HHs in axially symmetric 2D 
[001] nanostructures
25
 
30
. Hence, at zero magnetic fields the nonadiabatic stochastic 
modulation of SOC-induced effective magnetic fields in systems with broken inversion 
symmetry
12 13 
should dominate the effective spin-1/2 relaxation in widely separated HH 
and LH subbands in QDs and quantum wells.  
 
Appendix. 
Let us rewrite Eq.(7) in the following form 
∫ ΩΩ−ΩΩ= dDJtJDTrtK LLLeqJ )(),()()( )(0)(0)(0 ρ .  (A1) 
Utilizing the transformation low  
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where we introduce the designation, see Eq.(10), 
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(A4) 
Note that operator )(
~ )( tJ Mq  is determined in the M-frame. Now we shall see that the 
property of the kernel Eq.(8) is sufficient to derive the kinetic equation that is closed with 
respect to this operator. For that purpose, multiply the LHS of Eq.(5) by )(ΩD and its 
RHS by )()( 10 ΩΩ− qDD . Then integration over Ω  yields 
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Representing the integral term of Eq.(A5) as 
)()()]()(),()()[()( 11 0
)(
0 1
1
1
Ω′−ΩΩ−Ω′Ω′Ω′−Ω′Ω′Ω′−ΩΩ′−ΩΩ′Ω∑ ∫∫ qq
q
q
L DDDDtJDDfdd
 and taking into account that integration over Ω  is equivalent to integration over 
Ω′−Ω=Ω
~
 (Jacobian of this transformation equals 1), we obtain the following kinetic 
equation closed relative to the operator )(
~ )( tJ Mq : 
   ∑∫ ΩΩ−ΩΩΩ−−= −
1
11
2 )]
~
()
~
()(
~
)
~
()
~
(
~
)(
~
[)(
~
)0(ˆ)(
~ 1)()(1)()()(
q
qq
M
q
M
qQ
M
q
M
k
M
q DDtJDfdtJtJLitJ τ
&
 
Taking into account that in isotropic 3D media 28/1)( piϕ =Ω , the initial condition to this 
equation can be easily derived from Eq.(6), (A2), and (A4): 3/)(
~ )()( += Lq
M
q JtJ . 
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